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Axisymmetric flow of a r o t a t i n g  stream i s  analyzed t o  determine condi- 
t i o n s  which w i l l  a l low an isolated eddy (vortex breakdown) t o  develop. The 
eddy represents  a f lu id  reg ion  to ta l ly  conf ined  by the external  s t ream. The 
ef fec ts  of  axial ve loc i ty ,  swirl d i s t r i b u t i o n ,  and v i s c o s i t y  on eddy forma- 
t i o n  are systematical ly  explored with the aid of numerical solutions of the 
governing dynamic equations. These so lu t ions  a l so  p rov ide  the  s t ruc tu re  o f  
the  f low ins ide  and outs ide of  the eddy. The s t r u c t u r e  i s  displayed with 
f igures  i l lus t ra t ing  s t reaml ine  contours  for  two inlet  geometries. Ranges 
of axial flow Reynolds number and swirl ra t io  a re  de te rmined  which l e a d   t o  
confined eddies. 
INTRODUCTION 
Experiments have shown t h a t  swi r l ing  f lu id  streams can support  internal ,  
closed eddies when t h e  swirl i s  s u f f i c i e n t l y  l a r g e .  Such a phenomenon o f f e r s  
a possibil i ty for fluid confinement without using solid boundaries.  The  ob- 
jec t ive  of  the  present  s tudy  is t o  examine t h e  feas ib i l i ty  of  f lu id  conf inement  
by t h i s  mechanism. 
Backflows i n  r o t a t i n g  f l u i d s  moving axial ly  through diverging cross  sec-  
t i o n s  have been observed by several workers [ 5 ,  6 ,  81. The f low exhibi ts  a 
s tagnat ion point  and reversed veloci ty  on the  a x i s ,  and i s  appropriately 
ca l l ed  a "vortex breakdown". The otherwise ordinary vortex flow breaks down 
when t h e  axial pressure gradient  becomes l a r g e  enough to  dr ive  secondary  back- 
flows. 
The breakdown phenomenon was i s o l a t e d  from other flows by Harvey [lo], 
who employed a vortex tube.  In  his  experiments ,  the breakdown appeared as a 
small, bubble-like region of confined flow on t h e  a x i s  when t h e  swirl exceeded 
a c r i t i c a l  v a l u e .  The breakdown extended both upstream and downstream w i t h  an 
inc rease  in  swirl u n t i l  t h e  whole length  of  the  tube  was f i l l e d  wi th  a c e n t r a l  
core region wi th  reversed axial ve loc i ty .  As t he  s i ze  o f  t he  v i scous  co re  o f  
the upstream swirl flow was reduced the diameter of the breakdown bubble became 
smaller. Harvey measured t h e  swirl angle  prof i le  just  upstream of  a vortex 
breakdown bubble; t h i s  p r o f i l e  is  used as inpu t  t o  pa r t s  o f  the  present study. 
The in t e rna l  s t ruc tu re  o f  t h e  breakdown was not studied experimentally because 
convent ional  probes dis turb the breakdown and cause it t o  m i g r a t e  t o  the  probe. 
The vortex breakdown phenomenon has also been observed in other flow configura- 
t i o n s  [4, 11, 17, 18, 201. 
Analy t ic  s tud ies  of  the  vor tex  breakdown f a l l  i n  two categories:  those 
that  are primarily concerned w i t h  the  cause  and prediction of t h e  phenomenon; 
and those  tha t  are concerned with t h e  s t ruc tu re  o f  t he  breakdown flow. Re-  
s u l t s  from t h e  first category lead t o  reasonably accurate predictions of the  
phenomenon provided t h e  swirl flow upstream of the breakdown i s  known.  The 
analyses considered inviscid flow [ l  , 15, 231 o r  boundary layer-type flow [ 91. 
I n  the second category are several s tud ies  of  the  s t ruc ture  of  inv isc id  break- 
downs [ 3 ,  7 ,  161. Velocity perturbations were  introduced t o  i n i t i a t e  t h e  
eddy. Also, a numerical study allowing for viscous effects was undertaken by 
Lavan, e t  a l .  [13] t o  o b t a i n  t h e  s t r u c t u i - e  o f  t h e  breakdown f o r  low Reynolds 
number (Re) flows ( R e  based on radius less than  20).  
The p resen t  s tudy  employs numerical solutions of t h e  dynamic equat ions 
t o  o b t a i n  t h e  s t r u c t u r e  o f  t h e  f l o w  i n s i d e  a n d  o u t s i d e  t h e  v o r t e x  breakdown 
f o r  a wide range  of  opera t ing  condi t ions .  No approx ima t ions  in  d i f f e ren t  
reg ions  of  the  f low are  used;  and  no assumpt ion  tha t  vor tex  breakdown i s  an 
i n v i s c i d  phenomenon is  made. Th i s  s tudy  a l so  a t t empt s  to  de t e rmine  the  r eg ion ,  
on a map of Reynolds number v e r s u s  t h e  amount of swirl, where a vortex break- 
down w i l l  form. 
F O ~ ~ J A T I O B  OF THE PROBLEM 
Swir l ing  f lows  wi th in  a s t r a i g h t  and c i rcu lar  s t reamtube  of  cons tan t  
cross 'sectional area a r e  examined. A cy l indr ica l  coord ina te  sys tem (x ,  r ,  0 )  
i s  appropr i a t e  and i s  ske tched   i n   f i gu re  1. The s t reamtube   rad ius  i s  ro. The 
v e l o c i t y  components are denoted by u ,  v, and w f o r  t h e  a x i a l ,  radial ,  and a z i -  
mutha l  d i rec t ions .  Two conf igu ra t ions  fo r  t he  en te r ing  f low a re  cons ide red  as 
shown i n  f i g u r e  2. I n  o n e ,  f l u i d  e n t e r s  a x i a l l y  and i n  t h e  o t h e r ,  r a d i a l l y .  
Viscous f lows are  examined f o r  b o t h  i n l e t s ,  and i n v i s c i d  f l o w s  a r e  a l s o  con- 
s i d e r e d  f o r  t h e  axial i n l e t .  Throughout, t h e  flows a r e  assumed t o  be 
axisymmetric  and  incompressible. 
Viscous Flow Equations 
The f lu id  mot ion  i s  governed by t h r e e  time dependent momentum equat ions 
and a mass con t inu i ty  equa t ion .  By mul t ip ly ing  the  8-momentum equat ion by r ,  
an  equa t ion  fo r  t he  t r anspor t  o f  c i r cu la t ion  T i s  ob ta ined .  C i rcu la t ion  may 
be  ident i f ied  wi th  angular  momentum and is  given by T = r w .  The x- and 
r-momentum equa t ions  can  be  c ros s -d i f f e ren t i a t ed  to  e l imina te  p re s su re ,  and 
an  equa t ion  fo r  t h e  t r anspor t  o f  ax imutha l  vo r t i c i ty  s2 r e s u l t s .  
Appropr i a t e  s ca l ing  pa rame te r s  a re  the  tube  r ad ius ,  ro, t h e  mean a x i a l  
v e l o c i t y  i n  t h e  t u b e ,  U ,  and an angular  veloci ty  wo. The l a t t e r  w i l l  ty-pi- 
c a l l y  be taken as t h e  a n g u l a r  v e l o c i t y  o f  t h e  t u b e  wall a t  t h e  i n l e t .  Denoting 
d imens iona l  var iab les  wi th  primes,  corresponding nondimensional variables 
become : 
$ = + ,  T = F ,  R = - Q R ' .  r w  
0 0  




The result ing nondimensional equations are: t 
Equation (2c) i s  provided by the d e f i n i t i o n  o f  v o r t i c i t y  and t h e  f i r s t  two 
of equations (2d) by t h e  d e f i n i t i o n  of stream funct ion.  
The nondimensional transport  equations for the  c i r c u l a t i o n  T and t h e  
az imutha l  vor t ic i ty  R introduce two independent parameters into the problem, 
t h e  Reynolds number (Re) and t h e  swirl r a t i o  ( r )  defined as 
U r  r w  
Re = and r = O0 0 u *  
The Reynolds number i s  the  r a t i o  o f  i n e r t i a l  f o r c e s  t o  v i s c o u s  f o r c e s ;  t h e  
swirl r a t i o  i s  t h e  r a t i o  of t h e  c h a r a c t e r i s t i c  r o t a t i o n a l  s p e e d  t o  t h e  c h a r -  
a c t e r i s t i c  axial speed. It i s  apparent  from  equations ( 2 )  t h a t  t h e  e s s e n t i a l  
dependent variables governing the viscous, axisymmetric flow of an incom- 
p r e s s i b l e  f l u i d  are T, R and $I. Veloci t ies  can be expressed in  terms of  + 
and T through equations (2d).  The dependent variables are functions of t h e  
coordinates x and r ,  time t ,  and the parameters Re and r .  
Inv i sc id  Flow Equation 
I n  the  absence  of  v i scous  e f fec ts ,  c i rcu la t ion  T and v o r t i c i t y  R are 
simply convected along with t h e  flow. Thus, only the stream funct ion  re la -  
t i o n  ( 2 c )  need  be r e t a ined .  Fo r  the  s t eady  f low o f  an  inv i sc id ,  ro t a t iona l  
f l u i d ,  t h e  stream funct ion equat ion becomestt 
t Except fo r  t he  sou rce  terms and t h e  nondimensional  parameters,  these 
equations are similar to  those  used  by Torrance 1243. 
tt See Squire  [22]  for  der ivat ion.  
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where all variables  are  dimensionless  and P i s  the  dimensionless  total  pres-  
su re  ( P  = P'/pU2). In  con t r a s t  t o  t he  p rev ious  sec t ion ,  on ly  one  equa t ion  
i s  now involved. The dependent variable i s  9, and as t h e  t o t a l  d e r i v a t i v e s  
ind ica t e ,  T and P are  funct ions only of 9. Presc r ip t ions  for t h e  T - 9 and 
P - 9 r e l a t i o n s  are required and come from t h e  boundary conditions. 
I n i t i a l  Data and Boundary Conditions 
Viscous flow. - The c i r c u l a t i o n  and vo r t i c i ty  t r anspor t  equa t ions  (2a )  
and (2b)  are writ ten in t ime dependent form. Such a coupled system (they 
are coupled  through the  c i rcu la t ion  te rm in  equat ion  2b)  i s  more r e a d i l y  
solved numerically when posed as a n  i n i t i a l - v a l u e  r a t h e r  t h a n  as a 
boundary-value  (or time steady)  problem.  In  addition,  the  t ime  dependent 
form al lows solut ions which may be hydrodynamically unsteady. Only time 
s teady vortex breakdowns were observed in  the  present  s tudy ,  bu t  there  was 
no r eason  to  an t i c ipa t e  th i s  i n  advance .  In i t i a l  cond i t ions  in  the  stream- 
tube were t a k e n  t o  b e  e i t h e r :  a uniform,  paral le l  flow wi th  an  a rb i t r a ry  
swirl d i s t r i b u t i o n ;  o r  t h e  steady flow from another run which used different 
values of Re and r .  F i n a l  r e s u l t s  were  independent  of  which i n i t i a l  condi- 
t i o n  was used. 
Boundary condi t ions on the streamtube must be prescr ibed and are  essen-  
t i a l  f o r  e s t a b l i s h i n g  a confined  eddy. The two flow configurations considered 
are i l l u s t r a t e d  i n  f i g u r e  2 ;  t h e  a x i a l  i n l e t  ( f i g u r e  2 a )  w i l l  be discussed 
f i r s t .  F lu id  en ters  the  tube  wi th  a uni form axia l  ve loc i ty  (u)  and a pre- 
s c r i b e d  r a d i a l  d i s t r i b u t i o n  of swirl v e l o c i t y  ( w ) .  The swirl v e l o c i t y  p r o f i l e  
i s  taken to be of exponential  vortex form: 
1 -Br 
r w = - ( l - e  
where B denotes a constant .  Such a d i s t r i b u t i o n  i s  a good desc r ip t ion  of a 
viscous vortex,  and was v e r i f i e d  by Harvey [lo] t o  ex i s t  ups t r eam of a vortex 
breakdown bubble.? Since a number of experimental configurations could be 
expected to  generate  such a p r o f i l e ,  it appears  to  be  a r e a l i s t i c  c h o i c e  f o r  
t h e  i n l e t  stream. 
The p ro f i l e  g iven  by equation ( 5 )  i s  shown i n  f i g u r e  3 ( a )  f o r  v a l u e s  of 
B = 9 and 1 4 .  These are the  va lues  employed in  the  present  s tudy;  wi th  the  
la t ter  corresponding to  Harvey 's  experiments .  The vo r t ex  d i sp lays  so l id  body 
ro t a t ion  nea r  t he  ax i s  ( w  a r )  and f ree  vortex behavior  far from t h e  a x i s  
( w  = r-1). The exponential  vortex i s  d isp layed  in  terms of the dependent 
v a r i a b l e s  i n  f i g u r e  3 ( b )  as c i r c u l a t i o n  T versus 9. For  uniform  flow a t  t h e  
i n l e t ,  $ = r2/2. A f ree  vor tex  cor responds  to  T = 1, and it i s  apparent  that  
the viscous core i s  l a r g e r  f o r  E = 8 t h a n  f o r  B = 1 4 .  
t Harvey a c t u a l l y  measured a swirl a n g l e  d i s t r i b u t i o n .  The swirl angle @ i s  
related to t h e  d imens ionless  ve loc i t ies  by $ = tan-'  (Tw/u). If t h e  a x i a l  
ve loc i ty  i s  constant with r ,  equation ( 5 )  can be used t o  o b t a i n  t h e  swirl 
a n g l e  d i s t r i b u t i o n .  
A t  t h e  wall of the  s t reamtube (f igure 2 a boundary  conditions  were 
se l ec t ed  so as t o  i s o l a t e  t h e  f l o w  dynamics as much as poss ib l e  from t h e  in- 
f luence of containing walls. I n  p a r t i c u l a r ,  a z e r o  a x i a l  shear surface is 
employed to  e l imina te  the  e f fec t  o f  deve loping  wall boundary layers .  Also,  
t h e  confining streamtube i s  Gresumed t o   r o t a t e  a t  a constant speed w = 1. 
T h i s  matches t h e  in l e t  cond i t ion ,  so t h a t  a f l u i d  p a r t i c l e  a t  r = 1 ne i the r  
ga ins  or  loses  angular  momentum as it moves down the  s t reamtube  ( i . e . ,  T = 1). 
These condi t ions s imulate  f low within the entrance of  a real  t u b e  ( r o t a t i n g  
o r  s t a t i o n a r y )  as long as t h e  w a l l  boundary l a y e r s  are t h i n  and the core f low 
a t  en t r ance  ma tches  the  in l e t  p ro f i l e  o f  t h i s  study. 
The remaining boundary conditions are common t o  both inlet  configura-  
t i o n s .  The a x i s  ( r  = 0 )  i s  a l ine  of  zero  shear and zero angular momentum 
(n = T = 0 ) ;  the  stream funct ion is  assigned the value $ = 0. The t o t a l  
volume rate of flow through t h e  streamtube i s  then  equa l  t o  TI. The volume 
rate  of f low per  rad ian  in  the  8-d i rec t ion  becomes $ = n/2m = 0.5,  and t h i s  
i s  the $-value assigned t o  r = 1. The tube i s  assumed t o  be long enough so 
t h a t  a x i a l  v a r i a t i o n s  a t  t h e  t u b e  e x i t  are small. Accordingly a l l  dependent 
v a r i a b l e s  employed the condi t ion a/ax = 0 t h e r e .  J u s t i f i c a t i o n  f o r  t h i s  con- 
d i t i on  fo l lows  from the  boundary layer  equat ions which are  expected to  be 
v a l i d  far downstream. These equations neglect axial d i f f u s i o n  and r equ i r e  
only one boundary condition in t h e  x-direct ion,  t h a t  a t  t h e  i n l e t .  Thus t h e  
boundary condition a t  t h e  end of  the  tube  p lays  the  ro le  of  a "weak" condi- 
t i o n  ( n o t  e s s e n t i a l )  and i t s  a c t u a l  form (a/ax = 0 )  i s  not expected t o  have 
an important  effect  on t h e  flow. 
Boundary conditions on T,  Q and $ f o r  t h e  a x i a l  i n l e t  may be summarized 
as follows: 
r = 0, a l l  x 
r = 1, a l l  x 
x = 0,  a l l  r 
x = t u b e  e x i t ,  
For t h e  radial 
between x = 0 and 1 
a l l  r 
T = 1, Q = 0 ,  $ = 0 .5  
T = l  - e  -Br 9 n = o , + = -  r* 2 
i n l e t  ( f i g u r e  2 b ) ,  f l u i d  e n t e r s  t h e  tube along r = 1 
with a uni form rad ia l  ve loc i ty  v = - 0.5 and a uniform 
swirl v e l o c i t y  w = 1. Downstream, t h e  t u b e  r o t a t e s  a t  angular  ve loc i ty  w = 1 
and w a l l  boundary l a y e r s  are allowed t o  deve lop  in  the  ax ia l  d i r ec t ion .  Tha t  
is ,  w a l l  shear i s  included. T h i s  arrangement  should  simulate  physical  experi- 
ments more c lose ly  than  t h e  a x i a l  i n l e t  b e c a u s e  t h e  swirl p r o f i l e  is allowed 
to  deve lop  na tura l ly .  The inlet  could be achieved w i t h  a porous ring on t h e  
tube  o r  by a radial  swirl vane entrance as in  the  exper iments  of  Harvey. 
Boundary c o n d i t i o n s  f o r  t h e  radial i n l e t  are as follows: 
r = 0,  a l l  x T = Q = $ = o  
r = 1, 0 ~x < 1.0 T = l ,  R = 0 ,  $ = &  2 
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r = 1, x 1 .0  T = l ,  - -  - 0, $ = 0.5 ar 
aT x = 0, a l l  r " - 0 ,  n = o ,  $ = O  ax 
x = t u b e  e x i t ,  a l l  r 
Conditions a t  x = 0 co r re spond  to  a zero-shear plane of symmetry, which can 
b e  r e a l i z e d  i n  p r a c t i c e  b y  c o n s t r u c t i n g  a mirror-image flow for x < 0 r o t a t -  
ing i n  t h e  same sense.  Secondary flows arising from a r i g i d  wall a t  x = 0 
are  thereby  avoided .+  An examination of vortex behavior independent of such 
s i d e  e f f e c t s  was sought. Note t h a t  v o r t i c i t y  a t  t h e  w a l l  cannot be expressed 
e x p l i c i t l y ,  b u t  c a n  be determined from stream function boundary conditions 
i n  t h e  c o u r s e  o f  t h e  numerical  solut ions,  as w i l l  be explained la ter .  
Inviscid f low.  - For  an  inv i sc id  f lu id ,  t he  gove rn ing  equa t ion  ( 4 )  re- 
q u i r e s  two boundary cond i t ions  on $ fo r  each  of t h e  x- or r - d i r e c t i o n s ,  as 
wel l  as r e l a t i o n s h i p s  f o r  t o t a l  p r e s s u r e  P and  c i r cu la t ion  T in  te rms  of  JI. 
The la t te r  re la t ionships  could  be  de te rmined  for  the  axial i n l e t  b u t  n o t  f o r  
t h e  radial i n l e t ,  and t h e  i n v i s c i d  c a l c u l a t i o n s  were t h u s  r e s t r i c t e d  t o  t h e  
a x i a l  i n l e t  c o n f i g u r a t i o n .  A p p r o p r i a t e  $-boundary cond i t ions  are: 
r = 0, a l l  x $ = O  
r = 1, a l l  x JI = 0.5 
x = 0,  a l l  r JI = r 2 / 2  
x = t u b e  e x i t ,  a l l  r " . ax 
C i r c u l a t i o n  T and t o t a l   p r e s s u r e  P are  convected downstream without 
c'hange from the  in l e t  a long  s t r eaml ines .  The re fo re ,  cond i t ions  a t  t h e  i n l e t  
may be employed t o  eva lua te  T and P. For t h e  axial i n l e t ,  t h e  radial momen- 
tum ba lance  r equ i r e s  
where a l l  v a r i a b l e s  are dimensionless and p i s  t h e  s t a t i c  p r e s s u r e  
(p  = p'/pU2). The la t te r  i s  related t o  t h e  t o t a l  p r e s s u r e  P by 
t Secondary flows in  je t -dr iven vortex tubes have been observed by Rosenzweig, 
Lewellen and Ross [lg] i n  which t h e  end-wall  boundary layers are primarily 
r e s p o n s i b l e  f o r  t h e  s t r o n g  axial f l o w s  e x i s t i n g  i n  t h e  v o r t e x .  
I 
T h i s  can be rewri t ten as 
using T = wr, $ = r 2 / 2 ,  and equation (9) .  The r i g h t  side of t h e  governing 
equation ( 4 ) becomes 
and only a T - $ r e l a t ion  r ema ins  to  be specif ied.  T h i s  is  taken t o  be t h e  
exponential vortex which reduces (using $ = r 2 / 2  a t  t h e  i n l e t )  t o  
T = l - e  -2BQ f o r  $ 0 . 
Fluid eddies w i t h  $ < 0 could not originate a t  t h e  i n l e t  i n  a steady flow 
( $  0 the re ) ,  bu t  a d e f i n i t i o n  of t h e i r  T-values must be prescr ibed  in  case  
an eddy develops. For convenience, such fluid elements are assigned t h e  
values 
The ro ta t iona l  sense  i s  oppos i te  to  t ha t  i n  t h e  i n l e t .  It i s  worth noting 
t h a t  the  so lu t ions  are unaffected by the  ro ta t iona l  sense  of the  eddies  re la -  
t i v e  t o  t h e  i n l e t  s i n c e  o n l y  t h e  product T dT/d$ appears  in  re la t ion  (12) .  
NUMERICAL METHOD 
Grid System 
Numerical methods, sui table  for  digi ta l  computat ion,  are  developed which 
permit solutions of the flow equations. For most o f  t he  ca l cu la t ions ,  t h e  
flow f i e ld  i s  p a r t i t i o n e d  i n t o  a uniform, rectangular grid. The  x and r loca- 
t i on  o f  any g r i d  poin t  in  terms of i t s  i and j coordinates i s  given by 
X = (i  - 1)Ax and r = ( j  - 1)Ar where AX and A r  are the  gr id  dimensions and 
i and j a r e  t h e  i n t e g e r s  1, 2 ,  3 ,  e tc .  The value of a quantity l i k e  circu- 
l a t i o n  o r  a z i m u t h a l v o r t i c i t y  a t  a gr id  point  i s  the average of t h e  quant i ty  
over a small rectangle with dimensions Ax by Ar centered about t he  gr id  point .  
A t  any i n s t a n t  i n  time t h i s  gr id  point quantity is  constant throughout a r i n g  
o f  f lu id  wi th  radius  r and cross-sectional dimensions Ax by A r .  The t rans-  
port of a quant i ty  from g r id  po in t  t o  g r id  point i s  approximated by a f i n i t e  
difference scheme. 
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F o r  t h e  a x i a l  i n l e t ,  a g r i d  s i z e  o f  22  mesh 
and 11 mesh p o i n t s  i n  t h e  r -d i r ec t ion  (22  by 11) 
w a s  5 .25 dimensionless  uni ts  long and 1.00 u n i t s  
and A r  = 0.1. For t h e  radial i n l e t ,  a g r i d  s i z e  
x-direction and 6 mesh p o i n t s  i n  t h e  r - d i r e c t i o n  
streamtube was 5.50 un i t s  l ong  and  1.00 u n i t s  i n  
p o i n t s  i n  t h e  x -d i r ec t ion  
w a s  used. The streamtube 
i n  r a d i u s ,  so t h a t  Ax = 0.25 
of 12 mesh p o i n t s   i n   t h e  
(12 by 6 )  was used. The 
r a d i u s ,  so t h a t  Ax = 0.50 
and Ar = 0.2.  A f i n e r  g r i d  , 22 by 11, and a v a r i a b l e  mesh g r i d  w i t h  a t r a n s -  
fo rma t ion  fo r  an  in f in i t e ly  long  tube  were also used  fo r  a few s o l u t i o n s  o f  t h e  
radial i n l e t  c o n f i g u r a t i o n .  
F in i t e  D i f f e rence  Scheme fo r  t he  Vi scous  Flow Equations 
The set  of  v i scous  f low equat ions  (2a-d)  tha t  govern  the  f lu id  conf ine-  
ment problem are solved by t h e  method  of f i n i t e  d i f f e r e n c e s .  All l i n e a r  s p a c e  
d e r i v a t i v e s  are approximated  by three p o i n t  c e n t r a l  d i f f e r e n c e s .  The non- 
l i n e a r  s p a c e  d e r i v a t i v e s  o f  t h e  form a(uF)/ax are approximated by special  
t h ree  po in t  noncen t r a l  d i f f e rences .  Fo r  the  g r id  po in t  ( i , J )  t h e  method is  
as fol lows:  
when t h e   c o e f f i c i e n t s   ( u  + U ) / 2  and (ui-l,J + u i , j  ) / 2  are p o s i t i v e  
and i , j  i+ l , j  
when t h e  c o e f f i c i e n t s  are negat ive.  For  one coeff ic ient  posi t ive and one co- 
e f f i c i e n t  n e g a t i v e  t h e  a p p r o p r i a t e  term from equation (13) and the appro- 
p r i a t e  term from  equation ( 1 4 )  are used. The d i f f e r e n c e  scheme i s  constructed 
so as t o  f u l l y  s a t i s f y  mass, c i r c u l a t i o n ,  and v o r t i c i t y  c o n s e r v a t i o n  w i t h i n  
the  grid  system.  Additional detai ls  a n d  d i s c u s s i o n s  o f  t h e  s t a b i l i t y ,  con- 
vergence, and conservation properties are provided by Torrance [241. 
The calculat ion proceeds from a known f low conf igura t ion  of  T ,  R and Q 
at  time t (which may be t h e   i n i t i a l  data) by e x p l i c i t l y  e x t r a p o l a t i n g  t o  time 
l e v e l  t '  = t + A t  t h e  T and R f i e l d s  a t  a l l  i n t e r i o r  p o i n t s .  All space d i f -  
ferences are evaluated at time t .  A forward difference approximation i s  used 
f o r  t h e  time d e r i v a t i v e .  C i r c u l a t i o n  i s  advanced f irst  using a f i n i t e  d i f -  
ference approximation of equation (2a), 
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- A r  
1 ui,j - (1 + - 2 
V 
2 
+ [E- Ax A r  i , j  - Re(AxI2 - Re(Ar)ZlTi , j  (15 1 
1" A r  A r  1" 2r   2 r  - 
A r  
2r  (1 + -1 
V + 
+ [Re(Ar)21Ti , j+l  + [ A r  i,j-1 Re(Ar)' ITi,j-1 
Equation (15) is w r i t t e n  f o r  t h e  c a s e  when t h e  mean v e l o c i t i e s  ( u i , j  = (u i ,  + 
U 1/21 are p o s i t i v e .  i+l, j 
The a z i m u t h a l  v o r t i c i t y  i s  next advanced using a f i n i t e  d i f f e r e n c e  ap- 
proximat  ion t o   e q u a t i o n  ( 2b) , 
R '  1 + 1 
i ,3 = " 1 [Re(Ax)21ni+l , j  Ax R e (  A ~ ) ~ ] ' i - l ,  j 
1 i , j  vi,j 2 l +  1 U 1 1 + [g- Ax - - Ar Re(Axl2 - (  + - A r  A r  R e (  Ar)'"i, j 
2r  1" 2r  
Ar 1" 
1" 2r  
Ar 1 + -  r 1 r 1 
1 + -  2r 
- (16) 
V 
+ [ L Y k L +  
+ [ Ar Re(Ar)Z1'i,j+l A r  Ar Re(Ar)? I n  i , j-1 
Again, t h i s  i s  w r i t t e n  f o r  t h e  c a s e  when t h e  mean v e l o c i t i e s  a r e  p o s i t i v e .  
Note t h a t  t h e  last term is  evaluated at t h e  new time l e v e l  and i s  constant  
over  the  time s t ep .  
I n  order  t o  b r ing  Q up-to-date with the new values  of T and R ,  equation 
(2c )  must be solved. This i s  accomplished by approximating it w i t h  f i n i t e  
d i f f e r e n c e s ,  and s o l v i n g  t h e  r e s u l t i n g  s e t  of simultaneous equations by t h e  
i t e r a t i v e  t e c h n i q u e  of optimized successive over-relaxation. A new i t e r a t e  
a t  l e v e l  ( s  + 1) is  determined from values a t  l e v e l  ( s )  using 
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An optimum r e l a x a t i o n  f a c t o r ,  Idb, can be computed f o r  a g iven  g r id  s i ze ;  t he  
detai ls  are given by  Smith [21] .  For  the  gr ids  used  in  th i s  s tudy ,  a maximum 
of  f i f t een  i t e r a t ions  ( a lways  sweeping i n  t he  same d i r e c t i o n )  was used.  Less 
t h a n  f i f t e e n  i t e r a t i o n s  were used if t h e  r a t i o  o f  t h e  m a x i m u m  value of 
f i e l d  i s  less than 5 x 10- 6 . 
I , 8  6+0 
1,j - Jli,j "' 1 f o r  a l l  t h e  g r i d  p o i n t s  t o  t h e  maximum value of [$E; I i n  t h e  
C e r t a i n  of the boundary conditions must s t i l l  be considered. The re -  
quirement of a/ax = 0 a t  t h e  t u b e  e x i t  i s  s a t i s f i e d  by adding an extra column 
of g r i d  p o i n t s  w i t h  f i e l d  v a r i a b l e s  i d e n t i c a l  t o  t h e  l as t  computed column of 
g r id  po in t s .  The c i r c u l a t i o n  a t  the plane of  symmetry ( r a d i a l  i n l e t )  i s  com- 
puted from a f in i te  d i f fe rence  approximat ion  of  equat ion  (2a)  which incor- 
pora tes  the  symmetry condi t ions.  The w a l l  v o r t i c i t y  ( r a d i a l  i n l e t )  i s  
determined  from t h e  up-dated stream f u n c t i o n  f i e l d  as follows: A t  t h e  wall, 
t h e  stream funct ion i s  constant and t h e  a x i a l  v e l o c i t y  u i s  zero (no-slip 
cond i t ion ) .  The vor t i c i ty  equa t ion  the re fo re  r educes  to  R = - a2$/ar2.  A 
Taylor  ser ies  expansion for  J I  leads t o  a f irst  order approximation of the 
w a l l  v o r t i c i t y ,  
where t h e  s u b s c r i p t s  0 and 1 denote  the  wall and one gr id  poin t  away from 
t h e  wall, r e spec t ive ly .  
The v e l o c i t i e s  u, v ,  and w are determined from equations ( 2 d )  using 
three point  central  difference approximations for  t h e  d e r i v a t i v e s .  A l l  f i e ld  
v a r i a b l e s  a r e  now  known and cu r ren t  a t  t i n e  t '  = t + A t .  Before repeating the 
numerical  procedure for the next time advancement, a va lue  fo r  t he  t ime  s t ep  
A t  i s  determined from stabi l i ty  considerat ions.  
The numerical method i s  s t a b l e  ( i n  t h e  sense of Lax and Richtmyer [ i j i ] )  
10 
i f  A t  i s  s u i t a b l y  r e s t r i c t e d .  No c o n s t r a i n t s  are imposed  on t h e  s p a t i a l  mesh 
inc remen t s .  S t ab i l i t y  r equ i r e s  tha t  t he  sum of  the  abso lu te  va lues  o f  t he  
coe f f i c i en t s  o f  equa t ions  (15) and (16) be  bounded  by u n i t y .  Such a bound 
e x i s t s  i f  a l l  t h e  c o e f f i c i e n t s  a r e  p o s i t i v e ,  and th i s  can  be  gua ran teed  i f  
A t  satisfies an  inequal i ty  of  the  fo l lowing  form at a l l  i n t e r i o r  g r i d  p o i n t s :  
Su i t ab le  pe rmuta t ions  o f  t he  ve loc i ty  are employed i n  t h i s  e x p r e s s i o n  i f  t h e  
mean v e l o c i t i e s  are negat ive ,  or a mixture of posit ive and negative.  Because 
the  d i f f e rence  equa t ions  are cons i s t en t  w i th  the  gove rn ing  pa r t i a l  d i f f e ren -  
t i a l  equat ions ,  Lax and Richtmyer s t ab i l i t y  imp l i e s  t ha t  t he  numer i ca l  so lu -  
t i o n s  w i l l  converge t o  the  exac t  so lu t ion  o f  t he  d i f f e ren t i a l  equa t ions  as 
A t ,  Ax and A r  t end  t o  zero.  
The s i z e  o f  t h e  time s t ep  g iven  by i n e q u a l i t y  (19) decreases with de- 
creasing  Reynolds number ( R e ) .  R e s u l t s  i n d i c a t e  t h a t  f l o w  t r a n s i e n t s  a l s o  
take more t ime,  t ,  as Re increases. Computation of a s t e a d y  s t a t e  f l o w  f o r  
t h e  a x i a l  i n l e t  a t  Re = 100,  200 and 1000 respect ively required approximately 
300, TOO and 2000 time advancements.  Since  the l a t te r  i s  d i r ec t ly  p ropor -  
t i o n a l  t o  t h e  amount of computer time required,  computat ions were restr ic ted 
t o  Re 1000 f o r  t h e  axial i n l e t .   S i m i l a r   r e s u l t s  were  observed  for  the 
r a d i a l i n l e t ,  b u t  b e c a u s e  a c o a r s e r  g r i d  was gene ra l ly  employed, Re was re -  
s t r i c t e d  t o  1. 3000. O f  c o u r s e ,  q u a n t i t a t i v e  r e s u l t s  a t  very high Re may 
r e q u i r e  r e f i n i n g  t h e  s p a t i a l  g r i d s  beyond those  of  the  present  s tudy .  
F i n i t e  D i f f e r e n c e  Scheme f o r  t h e  I n v i s c i d  Flow Equation 
The f in i t e  d i f f e rence  approx ima t ion  o f  t he  inv i sc id  f low equa t ion  i s  
i d e n t i c a l   t o   e q u a t i o n  (17)  excep t   ha t  rill i s  replaced by 
i ,,I 
and a Jacobi advancement i s  used (q, = 1 and a l l  i t e r a t i o n  l e v e l s  on t h e  
r i g h t  hand side of  equat ion (17) become s ) .  For s t a b i l i t y  o f  t h e  i n v i s c i d  
f l u i d  c a l c u l a t i o n s  it was n e c e s s a r y  t o  u s e  75 and 50 percent  of  the  Jacobi  
advancement of the  s t ream funct ion  f ield f o r  B = 8 and B = 1 4 .  The i n i t i a l  
f i e l d  was u s u a l l y  t a k e n  t o  b e  a uni form,  swir l ing  f low wi th  an  ax ia l  peytur -  
ba t ion .  The number of $-iterations required depended upon whether or not 
t h e  f i n a l  f i e l d  had a vor t ex  breakdown.  With a breakdown,  about  1000 i t e r a -  
t i o n s  were required;  without  a breakdown, about 200. 
11 
RESULTS 
A steady, cocfined eddy of f l u i d  t h a t  e x h i b i t s  f l o w  reversal a l o n g  t h e  
a x i s  will be  ca l led  a vortex breakdown. It may be he lp fu l  a t  this p o i n t  t o  
examine f i g u r e s  4, 5,  6 ,  and 7 which show s t reaml ine  f ie lds  conta in ing  vor tex  
breakdowns. The loca t ion  of  these  s t reaml ines  was determined by c r o s s  p l o t -  
t i n g  t h e  computed values a t  t h e  mesh poin ts .  In  each  of t he  s t r eaml ine  p lo t s  
t h e  c e n t e r l i n e  of  the  cy l indr ica l  s t reamtube  i s  shown on t h e  bottom; the en- 
t r a n c e  t o  the streamtube i s  t o  t h e  l e f t  and t h e  e x i t  t o  t h e  r i g h t .  The 
absc i s sa  is  t h e  a x i a l  c o o r d i n a t e  x ,  and t h e  o r d i n a t e  i s  t h e  r a d i a l  c o o r d i n a t e  
r .  
T h i s  inves t iga t ion  covers  a range of Reynolds numbers from 50 t o  i n f i n i t y  
(tne i n v i s c i d  c a s e )  f o r  t h e  a x i a l  i n l e t  and from 10  t o  3000 f o r  t h e  r a d i a l  i n -  
let. For t h e  axial i n l e t ,  t h e  r e s u l t s  are be l i eved  to  have  quan t i t a t ive  
v a l i d i t y ,  and y ie ld  the  genera l  f low f ie ld  as well as t h e  s h a p e ,  s i z e ,  s t r e n g t h ,  
and locat ion of  a vortex breakdown i f  it appears .  Resul t s  for  the  inv isc id  
f l u i d  are compared t o  t h e  r e s u l t s  f o r  t h e  v i scous  f lu id  when t h e  Reynolds num- 
ber is l a r g e .  For t h e  r a d i a l  i n l e t ,  o n l y  q u a l i t a t i v e  t r e n d s  a b o u t  t h e  forma- 
t i o n  of the  vo r t ex  breakdown can  be  infer red ,  for  reasons  to  be d i scussed  l a t e r .  
Axial Inlet-Viscous Flow 
The development of a vortex braakdown w i t h  v a r i a t i o n s  i n  Reynolds number 
o r  swirl r a t i o  may be conveniently examined wi th  the  a id  o f  f igu res  4 and 5 .  
Resu l t s  pe r t a in  to  an  exponen t i a l  swirl d i s t r i b u t i o n  i n  t h e  axial i n l e t  with 
B = 8. A l l  graphs  portray  the  s teady s ta te  s t r eaml ine   f i e lds .  The stream- 
l i nes  r ep resen t  t h e  i n t e r s e c t i o n  of an  ax ia l  p lane  wi th  the  var ious  s t ream-  
tubes given by $ = constant .  The a c t u a l  s t r e a m l i n e s  a r e  h e l i c a l  p a t h s  t r a c e d  
out on these tubes.  
Resul ts  shown in  these  f igures  (and  throughout  th i s  repor t )  were obtained 
by advancing  the  t rans ien t  so lu t ion  procedure  in  time from some i n i t i a l  f i e l d  
unt i l  s teady  f lows  were  achieved.  In a l l  cases ,  t he  t r ans i en t  evo lu t ion  w a s  
smooth.  Vortex  breakdowns  appeared or  d i sappeared  qui te  na tura l ly ,  wi thout  
o s c i l l a t i o n s  o r  random motions of the breakdown or supporting stream. Multiple 
breakdowns within the f low did not  appear .  Consequent ly ,  pr imary at tent ion 
here w i l l  b e  d i r e c t e d  t o  t h e  f i n a l ,  steady flows. 
Figure 4 i l l u s t r a t e s  t h e  breakdown development with increasing swirl a t  
a f ixed  Reynolds  number, Re = 100. I n  f i g u r e  4(a)  t h e  amount of swirl, 
r = 0.752, i s  not enough t o  c a u s e  a s tagnat ion point  a long the axis .  However, 
t h e  r e s p e c t i v e  d i f f l u e n c e  and confluence of  the s t reamlines  suggest  that  an 
eddy may be  forming. A s  t h e  swirl i s  inc reased  to  r = 0.333, f i g u r e  4 ( b ) ,  
an eddy does indeed form within the f low.  This  eddy i s  closed and has a for-  
ward and rearward stagnation point.  The s i z e  and  shape  of t h e  vortex break- 
down i s  defined by the s t reamline with value zero.  As t h e  swirl r a t i o  i s  
i n c r e a s e d  f u r t h e r  t o  r = 0.909, f i g u r e  4 ( c ) ,  the  vor tex  breakdown  becomes 
l a r g e r  i n  s i ze  and s t ronger .  The forward stagnation point moves forward  while 
the rearward stagnation point moves rearward. The loca t ion  of  the  maximum 
absolute value of stream function inside t h e  vortex breakdown migrates forward 
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s l i q h t l y ,  and i t s  magnitude  increases  .from 1 . 0  x t o  4.7 x Nearly 
f i v e  times as much 'luid i s  now undergoing reversed flow i n  f i g u r e  4 ( c )  as 
compared t o  f i g u r e  b ( b ) .  
A s  t h e  swirl r a t i o  i s  inc reased  fu r the r  t o  r = 1.25 ,  f i g u r e  4 ( d ) ,  t h e  
vortex breakdown grows d i s t i n c t i v e l y  l a r g e r  i n  t h e  r a d i a l  d i r e c t i o n  and ex- 
tends out the tube i n  t h e  a x i a l  d i r e c t i o n .  For a very  la rge  swirl r a t i o ,  
Y = 10, f i g u r e  4 ( e )  shows t h a t  t h e  breakdown almost completely f i l ls  t h e  
s t r ramtube.  Field var iables  near  the inlet  change rapidly in  the x-direct ion 
f o r  r = 1.25  and 1 0 ,  suggest ing that  a real  breakdown would t e n d  t o  m i g r a t e  
upstream and a l te r  the upstream boundary conditions. 
Figure 5 i l l u s t r a t e s  t h e  breakdown development with increasing Reynolds 
nurlber. The swirl r a t i o  i s  held  constant ,  r = 0.833. The t r ends  i n  f i g u r e  5 
are s t r i k i n g l y  similar t o  t h o s e  i n  f i g u r e  4. For Re = 50, no  breakdown appears 
but  the s t reamlines  suggest  that  one is imminent. A s  t h e  Reynolds number i s  
increased  to  100 and t o  200, a vortex breakdown develops and increases  in  s ize  
and strength.  This increase of Reynolds number  moves t h e  l o c a t i o n  o f  t h e  maxi- 
m u m  absolute value of stream funct ion  ins ide  the  vor tex  breakdown upstream and 
it increases  i n  magnitude  from 1 .O x 10-3 t o  3.5 x For Re = 500 t h e  
breakdotm extends out t h e  tube.  
Ficure 6 po r t r ays  a breakdown at  a higher Reynolds number, Re = 1000, 
also with B = 8. Clear ly ,  the  breakdown i s  now great ly  e longated and very 
s l i m .  The swirl r a t i o  f o r  t h i s  breakdown ( r  = 0.714) is  very  near  tha t  for  
which a breakdown f i rs t  appears ( r  = 0.697) .  Calculat ions suggest  that  a 
breakdown near r = 0.697 w i l l  a l so  ex tend  out  the  tube  a t  t h i s  Reynolds number. 
The flow i n  f i g u r e  6 is similar to  the bore f lows observed by Benjamin 
and Barnard [ 2 ] ,  i n  which the m a i n  flow i s  water but t h e  cav i ty  i s  f i l l e d  w i t h  
air. 
Figure 7 i l l u s t r a t e s  t h e  breakdown development with increasing s w i r l  f o r  
a d i f f e r e n t  i n l e t  swirl d i s t r i b u t i o n ,  B = 1 4 .  I n  t h i s  f i g u r e ,  t h e  Reynolds 
number i s  held f ixed a t  Re = 100. The viscous core becomes smaller as B i s  
increased,  and :'or vortex breakdowns of similar s t r eng th ,  t hose  fo r  B = 1 4  
are more slenrier than those for  B = 6. F igures  4(b)  and 7 (b )  bo th  have a 
breakdown s+,rengtb of J, = - 1.0  x 10-3, but the maximum radius  of  t h e  break- 
down f o r  B = 8 i s  0.26 u n i t s  w h i l e  t h a t  f o r  B = 1 4  is  0.22 u n i t s .  S i m i l a r l y ,  
the breakdowns shown in  F igu res  4 (c )  and 7 ( c )  are of  near ly  the same s t r eng th ,  
but  the maximum rad ius  o f  t he  breakdown f o r  B = 8 i s  0.34 wh i l e  t ha t  fo r  B = 1 4  
i s  0.30. 
For a i l  of  the s t reamline plots  except  those showing a breakdown going 
out  the end of  the  tube ,  o r  near ly  going out ,  the s t reamlines  near  the end of 
the tube change very l i t t l e  i n  the x-direction. Thus,  the tube i s  long enough 
so t h a t  t h e  boundary condition a/ax = 0 i s  s a t i s f i e d .  When t h e  breakdown  ex- 
tends  out  the  tube ,  th i s  condi t ion  i s  not nearly so w e l l  s a t i s f i e d .  
By s e l e c t i n g  a value of R e  and varying r o r  by s e l e c t i n g  a value of r and 
varying Re, it i s  possible  to  determine a C r i t i c a l  v a l u e ,  rc O r  Rec, a t  which 
a vortex breakdown w i l l  appear. The locus of  the points  thus determined sep-  
a r a t e s  a region of flows with breakdowns from a region without breakdowns, 
and w i l l  be  ca l led  the  inc ip ien t  breakdown l i n e .  Such a l i n e  i s  shown i n  
The amount of swirl requi red  for  an  inc ip ien t  breakdown decreases as t h e  
Reynolds number increases and an asymptotic value of swirl r a t i o  i s  approached 
for  large Reynolds  number. 
The vortex breakdowns i n  t h e  r a d i a l  i n l e t  s t r e a m t u b e  are similar i n  shape 
t o  t h o s e  f o r  t h e  a x i a l  i n l e t .  As e i t h e r  t h e  swirl ratio o r  t h e  Reynolds num- 
be r  is increased, the forward stagnation point moves upstream and the rearward 
s tagnat ion  poin t  moves downstream.  With increasing swirl, t h e  l o c a t i o n  o f  t h e  
m a x i m u m  absolute  value of  stream func t ion  in s ide  the  vo r t ex  breakdown moves 
upstream, but with increasing Reynolds number, t h e  l o c a t i o n  moves downstream. 
The la t ter  r e s u l t  i s  con t r a ry  to  tha t  obse rved  wi th  the  a x i a l  i n l e t .  
Near t h e  i n c i p i e n t  breakdown condi t ion a vortex breakdown forms j u s t  
downstream of t h e  i n l e t  ( x  > 1) as a small i s o l a t e d  eddy. A s  the forward stag- 
nation point migrates upstream with increasing I' o r  Re, t he  ques t ion  na tu ra l ly  
arises of whether or not it w i l l  reach x = 0. Since the boundary conditions 
applied a t  x = 0 p o s t u l a t e  a mirror-image flow for x < 0,  migration of the 
eddy up t o  x = 0 corresponds t o   t h e  merging of separate eddies (one for x > 0 
and one f o r  x < 0 )  t o  form a s i n g l e  eddy symmetric about x = 0. 
S ince  the  12  x 6 grid could not adequately answer the aforementioned 
question, a sequence of runs was i n i t i a t ed  us ing  success ive ly  r e f ined  g r ids  
f o r  Re = 100, r = 1.0.   Results are shown i n  f i g u r e  1 4 .  Figure 14(a) corre- 
sponds t o   t h e   1 2  x 6 g r i d ,  f i g u r e  14(b) t o  a 22 x 11 g r i d ,  and f i g u r e  1 4 ( c )  
t o  a 22 x 11 v a r i a b l e  mesh g r i d  i n  an i n f i n i t e l y  l o n g  t u b e .  The la t te r  was 
achieved by introducing a coordinate transformation and i s  descr ibed  in  an  
appendix t o  a t h e s i s  by Kopecky [12] .  Dashed s t reamlines  indicate  regions 
where i n t e r p o l a t i o n  i s  uncertain.  
The eddy i s  b a s i c a l l y  similar f o r  a l l  three  gr ids ,  and  ex tends  up  to  and  
inc ludes  the  first computable mesh p o i n t  ( f o r  f i g u r e s  14(a),  (b )  and ( c )  t h i s  
was x = 0.5, r = 0 .2 ;  x = 0.25, r = 0.1; and x = 0.25, r = 0 .065) .  It appears 
t h a t   t h e  breakdown does  ac tua l ly  merge with i ts  mirror-image counterpart. 
This has not been observed in the experiments cited.  Typically,  a contoured 
wall a t  x = 0 with a spiked centerbody along the axis was employed. This wall 
appears t o  be  impor t an t  fo r  s e t t i ng  up  the  swirl p r o f i l e  i n  t h e  t u b e ,  b u t  i t s  
inc lus ion  in  a numerical simulation i s  not yet possible.  Thus,  the boundary 
condition along x = 0 fa i l s  to  fu l ly  s imula t e  expe r imen t s ,  bu t  it does sug- 
ges t  a new  way i n  which an eddy may be confined. By in j ec t ing  f lu id  th rough  
a radial i n l e t  i n  t h e  middle of a long tube it may b e  p o s s i b l e  t o  f i x  t h e  
loca t ion  of a vortex breakdown t o  x = 0 ,  r = 0. Further work i s  needed t o  
determine i f  t h e  breakdown w i l l  remain centered as it grows ax ia l ly  wi th  in-  
c r e a s e s  i n  e i t h e r  Re o r  I'. 
Some observations on an optimum gr id  s i ze  may be deduced from f i g u r e  1 4 .  
Resul ts  are a l l  q u a l i t a t i v e l y  v e r y  similar. Q u a n t i t a t i v e l y ,  t h e  g r id  of f i g -  
u r e  1 4 ( b )  appears  to  adequately descr ibe the s t ructure  and magnitude of  t h e  
breakdown c i r c u l a t i o n .  The bulge near x = 1 does not appear i n  t h e  o t h e r  
flows  because  they employ somewhat coarser  axial g r i d s  i n  t h a t  r e g i o n .  [The 
g r id  o f  f igu re  1 4 ( b )  was employed f o r  a l l  o f  t h e  axial i n l e t  c a l c u l a t i o n s .  
Its adequacy f o r  t h a t  geometry was v e r i f i e d  by a run using Re = 50, r = 1 and 
a 42 x 21 gr id .  Resul t s  differed from t h e  22 x 11 g r i d  g e n e r a l l y  by only a 
few percent . ]  It appea r s  t ha t  t he  1 2  x 6 g r id  o f  figure 14 (a ) ,  coupled with 
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t h e  s i n g u l a r  n a t u r e  o f  t h e  breakdown i t se l f  , limits u s   t o  a q u a l i t a t i v e  d i s -  
cuss ion .  Extens ive  s t reaml ine  f ie lds  for  t h e  g r i d  were computed but  are not  
presented. 
The fc regoing  observa t ions  are suppor ted  by  an  addi t iona l  gr id  re f ine-  
ment fo r  cond i t ions  ve ry  nea r  t h e  onse t  of a breakdown. A 1 2  x 6 g r i d  a t  
Re = 100, r = 0.714 y ie lded  a flow with a d i f f luence  and confluence of stream- 
l ines  tha t  sugges t ed  a breakdown w a s  imminent, but it was not  present .  A g r i d  
of 22 x 11, however, y i e lded  a weak vo r t ex  breakdown f o r  t h e s e  c o n d i t i o n s  t h a t  
ex tended  a long  the  ax i s  i n  the  in l e t  r eg ion .  Such  behav io r  i s  due t o  t r u n c a -  
t i o n  e r r o r s ,  which  cause  the  numer ica l  so lu t ions  to  cor respond to  va lues  of  
R e  and r which may be  sh i f ted  s l igh t ly  f rom the  input  va lues .  For  condi t ions  
near t h e  c r i t i c a l  rc ,  t h i s  c a n  l e a d  t o  t h e  resul ts  j u s t  n o t e d  s i n c e  t h e  b r e a k -  
down develops  rap id ly  wi th  r ,  as shown i n  f i g u r e  10.  
CONCLUSIONS 
R e s u l t s  f o r  the  a x i a l  i n l e t  y i e l d  q u a n t i t a t i v e  i n f o r m a t i o n  on t h e  g e n e r a l  
flow f i e l d  as we l l  as t h e  d e t a i l e d  s t r u c t u r e  and  loca t ion  of a vortex break-  
down ( i f  it appea r s ) .  The most important  f indings may be summarized as 
fol lows : 
( a )  The development o r  i n i t i a t i o n  of a vo r t ex  breakdown w i t h  v a r i a t i o n s  
i n  Re o r  r i s  ind ica t ed  by a sequence of  s t reamline plots  (see, f o r  
;.:.1stance, f i g u r e s  4 and 5 ) .  
( b )  The i n c i p i e n t  breakdown c o n d i t i o n s  ( f i g u r e  8 )  r e v e a l  t h a t  a c r i t i c a l  
swirl r a t i o  i s  r e q u i r e d  t o  a c h i e v e  a vo r t ex  breakdown. T h i s  r a t i o  
decreases  wi th  increas ing  Re and a t t a ins  an  a sympto t i c  va lue .  
( c )  T h e r e  a p p e a r s  t o  be no h y s t e r i s i s  mechanism c o n t r o l l i n g  t h e  v o r t e x  
breakdown i n  a v i s c o u s  f l u i d ,  i . e . ,  t h e  breakdown appears and dis- 
a p p e a r s  f o r  t h e  same va lue  of r .  
( d )  The  breakdown  grows i n  s i z e  i n  bo th  the  axial and radial d i r e c t i o n  
when e i t h e r  Re o r  r i s  increased.  
( e )  The l o c a t i o n  o f  t h e  maximum abso lu te  va lue  of stream funct ion  in-  
s i d e  t h e  v o r t e x  breakdown migrates  forward s l ight ly  and increases  
i n  s t r e n g t h  f o r  a n  i n c r e a s e  i n  either Re o r  r .  The upstream  migra- 
t i o n  o f  t h e  breakdown is l imi ted  by t h e  imposed i n l e t  c o n d i t i o n s .  
( f )  The  breakdown s t r e n g t h  i s  v e r y  s e n s i t i v e  t o  c h a n g e s  i n  t h e  asnount 
of  swirl n e a r  t h e  i n c i p i e n t  o r  c r i t i c a l  v a l u e  ( s e e  f i g u r e  1 0 ) .  
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( e )  For t h e  same s t r e n g t h  v o r t e x  breakdowns at a given Re, t h e  smaller 
the  v i scous  co re  a t  t h e  t u b e  axis t h e  slimmer t h e  breakdown. 
(h) A compar ison  be tween the  inv isc id  f low ca lcu la t ions  and  the  v is - .  
cous  f low ca lcu la t ions  fo r  l a rge  Reyno lds  number (Re > 1000) ind i -  
c a t e s  t h a t  v i s c o s i t y  may be  impor t an t  fo r  c los ing  the  vo r t ex  
breakdown (providing a rear s t a g n a t i o n  p o i n t )  and confining the 
breakdown t o  w i t h i n  a f i n i t e  t u b e  l e n g t h .  
Some of the  above  observa t ions  are reinforced by Harvey's work. Related 
t o  ( b ) ,  he  found tha t  a s teady  vor tex  breakdown forms above some c r i t i c a l  
value o f  swirl angle .  His experiments were performed a t  Re : 4300 with an 
i n l e t  swirl p r o f i l e  d e s c r i b e d  by €3 = 1 4 .  The c o r r e s p o n d i n g  c r i t i c a l  swirl 
r a t i o  i s  Tc = 0.49, which compares qu i t e  f avorab ly  wi th  the  a sympto te s  g iven  
i n  f i g u r e  a .  R e l a t e d  t o  ( c ) ,  Harvey  found t h a t  t h e  breakdown  can  occur as a 
smooth  and r e v e r s i b l e  t r a n s i t i o n .  R e l a t e d  t o  ( d ) ,  h e  f o u n d  t h a t  w i t h  a n  i n -  
c r e a s e  i n  swirl t h e  breakdown grows ax ia l ly  in  bo th  the  ups t r eam and  downstream 
directionsuntil,eventually, t h e  whole l eng th  of the  s t reamtube  i s  f i l l e d  w i t h  
a cen t r a l  co re  r eg ion  wi th  axial v e l o c i t y  r e v e r s a l .  And r e l a t e d  t o  (g )  he 
found t h a t  t h e  smaller the  v i scous  co re  a t  t h e  t u b e  c e n t e r l i n e ,  t h e  smaller 
the  d iameter  of  the  breakdown  bubble.  Although t h e  la t ter  comparisons are 
n e c e s s a r i l y  q u a l i t a t i v e ,  t h e  o b s e r v a t i o n s  of Harvey gene ra l ly  suppor t  t he  re- 
s u l t s  o f  t h i s  i n v e s t i g a t i o n .  
For fluid confinement purposes it i s  n e c e s s a r y  t h a t  t h e  v o r t e x  breakdown 
have a rear s t agna t ion  po in t .  Th i s  s tudy  ind ica t e s  t ha t  fo r  a s t r a igh t  and  
c i r c u l a r  streamtube of  cons tan t  c ross -sec t iona l  area a rear s t agna t ion  po in t  
does not  exis t  for  Reynolds  number l a r g e ,  i . e . ,  as t h e  f l u i d  becomes i n v i s c i d .  
The photographs by Harvey [lo] and Cassidy and Falvey [ 4 ]  of vortex breakdowns 
i n  t h i s  t y p e  of s t reamtube for  large Reynolds  numbers (Re > 4000) a l so  do  no t  
i n d i c a t e  a rear s t a g n a t i o n  p o i n t .  I n s t e a d ,  t h e  t a i l  o f  t h e  v o r t e x  breakdown 
appears t o  be  an  e longated  he l ica l  vor tex  tha t  precesses  uns teadi ly  about  the  
tube   cen ter l ine .   Thus ,  as conclus ion   (h)  states,  v i scos i ty  and /o r  t ube  l eng th  
may be impor tan t  for  c los ing  t h e  Sreakdown. 
For t h e  r a d i a l  i n l e t  t h e  c a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  breakdown wants 
t o  form i n  t h e  i n l e t .  Thus, it may b e  p o s s i b l e  t o  c o n f i n e  a vortex break-  
down t o  one  loca t ion  by  having  the  f lu id  en ter  rad ia l ly  through a porous 
s e c t i o n  o f  r o t a t i n g  t u b e  a n d  e x i t  a x i a l l y  i n  o p p o s i t e  d i r e c t i o n s .  
The a b o v e  o v e r a l l  s t u d y  i n d i c a t e s  t h a t  t h e  v o r t e x  breakdown phenomenon 
i s  amenable t o  d e t a i l e d  o b s e r v a t i o n  when t h e  method o f  f i n i t e  d i f f e r e n c e s  i s  
used to  so lve  the  gove rn ing  d i f f e ren t i a l  equa t ions  cast i n  terms o f  c i r cu la -  
t ion ,  az imutha l  vor t ic i ty ,  and  s t ream funct ion .  The approach t o  t h e  problem 
of fluid confinement by means of vortex breakdown could use the techniques 
outlined herein along with any experimental measurements of the breakdown's 
f low f i e ld  tha t  can  be  ob ta ined .  It may t h e n  b e  p o s s i b l e  t o  i n c o r p o r a t e  t h e  
vortex breakdown phenomenon i n  a design for high temperature energy production. 
18 
REFERENCES 
1. Benjamin, T. B., "Theory of the Vortex Breakdown  Phenomenon", J. F lu id  
Mech., 14, p. 593, 1962. 
2. Benjamin, T. B. and  Barnard, B. J. S., "A Study of t h e  Motion of a Cavi ty  
i n  a Rotat ing Liquid",  J. F lu id  Mech., x, p. 193, 1964. 
3 .  Ebssel, H.  H., "Vortex Breakdown Flowfield",  Phys.  Fluids, l2, p. 498, 
1969 
4. Cassidy, J. J. and  Falvey, H. T. ,  "Observations  of  Unsteady Flow Ar is ing  
a f t e r  V o r t e x  Breakdown", J. F l u i d  Mech., 41, p. 727, 1970. 
5. Chanaud, R.  C. ,  "Observations  of  Oscil latory  Motion  in  Certain  Swirling 
Flows", J. F lu id  Mech., 2l, p. 111, 1965. 
6. Chig ier ,  N. A. and  Beer, J. M . ,  "Veloc i ty   and   S ta t ic -Pressure   Dis t r ibu t ions  
i n  Swir l ing  A i r  J e t s  I s s u i n g  from Annul& and Divergent Nozzles", J. Basic 
Engrg.,  Trans. A.S.M.E., 86, p. 788, 1964. 
7. Chow, C .  Y . ,  "Swirling Flow i n  Tubes  of Non-Uniform Cross-Sections",  
J. F lu id  Mech., 38, p .  843, 1969. 
8. Gore, R .  W. and  Ranz, W. E . ,  "Backflows i n  Rota t ing  F lu ids  Moving Axia l ly  
through Expanding Cross Sections", A.1.Ch.E. Jou rna l ,  lo, p.  83, 1964. 
9. Hall, 14. G. , "A New Approach t o  Vortex Breakdown", Proc . Heat Transfer and 
F lu id  Mech. In s t . ,  S t an fo rd  Univ. Press, Stanford ,  Calif.,  p.  319, 1967. 
10.  Harvey, J. K. ,  "Some Observations  of  the  Vortex Breakdown  Phenomenon", 
J. F lu id  Mech., &, p.  585, 1962. 
11. Kirkpat r ick ,  D.  L. I . ,  "Experimental   Invest igat ion of t h e  Breakdown of a 
Vortex in  a Tube", Minis t ry  of  Aviat ion,  London, C .  P. No. 821, 1965. 
12. Kopecky, R .  M . ,  "Numerical  Study of t h e  S t r u c t u r e  of Vortex  Breakdowns", 
M.S. Thes is ,  Corne l1  Univers i ty ,  I thaca ,  New York, 1971. 
13. Lavan, Z. ,  Nielsen,  H.,  and Fejer ,  A. A., "Separation and Flow Reversal  
i n  S w i r l i n g  Flows i n  Circular Ducts",  Phys. F l u i d s ,  l.2, p. 1747, 1969. 
14 .  Lax ,  P. D. and  Richtmyer, R .  D . ,  "Survey  of t h e  S t a b i l i t y  of L i n e a r  F i n i t e  
Difference Equations",  Comm. Pure Appl. Math., 9, p. 267, 1956. 
15.  Leibovich, S. ,  "Axially-Symmetric  Eddies Embedded i n  a Rotational  Stream' ' ,  
J .  F l u i d  Mech., 32, p.  529, 1968. 
19 
17. Lowson, M. V. , "Some Experiments with Vortex Breakdown", J. Royal  Aero. 
Soc ie ty ,  68, p. 343, 1964. 
18. Maxworthy, T . ,  "The Flow Creat ing a Concentrat ion of V o r t i c i t y  Over a 
S t a t i o n a r y  P l a t e " ,  JPL Space Programs Summary 37-44 , k,  p.  243, 1968. 
19. Rosenzweig, M. L. ,  Lewellen, W. S. and Ross, D. H . ,  "Confined  Vortex  Flows 
w i t h  Boundary-Layer I n t e r a c t i o n " ,  A . I . A . A .  Jou rna l ,  2, p.  2127, 1964. 
20. Sarpkaya, T . ,  "An Exper imenta l   Inves t iga t ion   of   the  Vortex-Breakdown 
Phenomenon", U.S. Naval Postgraduate School,  NPS-59SL0071A, Monterey, 
Calif. , 1970. 
21.  Smith, G .  D . ,  Numer ica l   Solu t ion   of   Par t ia l   Di f fe ren t ia l   Equat ions ,  Oxford 
Univers i ty  Press ,  New York, 1965. 
22. Squi re ,  H. B . ,  Chapter on Rotat ing  Fluids   in   Surveys  in   Mechanics ,  G.  K. 
Batchelor and R .  M. Davies, Eds., Cambridge Univers i ty  Press, London, 
23. Squi re ,  H. B . ,  "Analysis of the Vortex Breakdown  Phenomenon", in  Mizellaneen 
du Angewandten Mechanik, Akademie, Berlin,  1962. 
24.  Torrance, K. E. ,  "Comparison  of  Finite-Difference  Computations of Natural 
Convection", J. Res. of the N.B.S. - B. Math. Sc iences ,  72B, p.  281, 1968. 
20 
APPENDIX - SYMBOLS 
Time 
C o o r d i n a t e s  i n  t h e  a x i a l ,  r a d i a l ,  and  az imutha l  d i rec t ions  ( f igure  1) 
Velocity components i n  t h e  a x i a l ,  r a d i a l ,  and azimuthal directions 
( f i g u r e  1) 
Circula t ion  or  angular  momentum (= r w )  
Azimuthal v o r t i c i t y  component (equation 2c ) 
Stream function (equations 2d) 
Density 
S ta t i c  p re s su re  
Tota l  p ressure  (equat ion  10)  
Kinematic v i s c o s i t y  
Tdbe r ad ius  
Angular velocity of tube w a l l  a t  t h e  i n l e t  
Average a x i a l   v e l o c i t y  
Reynolds number (= U r o / v )  
S w i r l  r a t i o  ( =  r,w,/U) 
C r i t i c a l  Re r e q u i r e d  t o  i n i t i a t e  a breakdown a t  constant r 
C r i t i c a l  r r e q u i r e d  t o  i n i t i a t e  a breakdown at  constant R e  
Swirl  angle (= t a n - 1  [ ~ w / u ] )  
Adjustable constant (equation 5) 
Subscripts  : 
i , j  Axial and radial g r i d   i n d i c e s  
Superscript  s : 
I Time  l e v e l  ( t '  = t + A t )  or  dimensional  var iable  
S I t e r a t i o n  level 
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Figure 3: Swirl Distribution at the Entrance to  the Axial Inlet 
Stream Tube. (a) Swirl  Velocity Versus Radius; (b) Circulation 
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Figure 5: Development of the  Vortex Breakdown With Increasing  Reynolds 
Number  for the  Axial Inlet Configuration. r = 0.833 and B = 8. 
Stream Function Values Equal Those Shown x lo-*. (a)  Re = 50; 
(b) Re = 100;  (c)  Re = 200; (d)  Re = 500. 
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Figure 6: Vortex Breakdown Near t h e  C r i t i c a l  S w i r l  R a t i o  for  t h e  Axial 
In le t   Conf igura t ion .  R e  = 1000, F = 0.714, and B = 8. Stream 
Function Values Equal  Those Shown X 
27 
1-1- 





























0.40 0.50 0.60 0.70 0.80 0.90 
SWIRL R A T I O  
F i g u r e  8: Swirl Ra t ios   Requ i red  f o r  a n   I n c i p i e n t  Brcakdown a t  
Various  I teynolds   Numbers .   Axial   Inlet   Stream Tube Used. 
Vertical Dashed   Line   Ind ica tes  Crit ical  S w i r l  Ratio for 
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Figure 3: Steady  State  Centerline  Velocity at the  Location of the 
Incipient  Breakdown (x = 0.75) as  a  Function of the  Swirl  Ratio 
f o r  the Axial  Inlet  Stream  Tube. Re = 100 and B = 8. (a) Initial 
Field  Without  a  Vortex  Breakdown.  Swirl  Ratio  Increased. 
(b) Initial  Field With a  Vortex Breakdown. Swirl  Ratio Decreased. 
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Figure  10:  Maximum Absolute  Value o f  S t ream Funct ion  Ins ide  the  Breakdown 
f o r  Various  Values of Swir l   Rat io .   Axial   Inlet   Stream Tube Used. 
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Figure 11: Cri t ica l  Swir l  Rat ios  for  Var ious  S ize  Negat ive  Veloc i ty  
Di s tu rbances  in  an  Inv i sc id  F lu id .  Axial Inlet  Streamtube  Used. 
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Figure 13:  Swirl   Rat ios   Required  for   an  Incipient  Breakdown a t  Various 
Iteynolds Numbers fo r  t he  Rad ia l  In l e t  S t r eam Tube. 
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Figure  1 4 :  Vortex Breakdown for  the  Rad ia l  In l e t  Conf igu ra t ion  as 
Calculated Using Di f f e ren t  S i ze  Grids .  Re = 100, r = 1.0. 
Stream  Function Values Equal Those Shown x 10-2. ( a )  12 x 6 
Unifom Grid; (b )  22 x 11 Uniform Grid;  ( c )  22 x 11 Variable 
G r i d ,  I n f i n i t e l y  Long Tube. 
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